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1)! ! 


If we add together the equations (3), we evidently obtain as the sum of the terms 


-1 
in the main diagonal, from 6,1! to },.s!. met , the polynomial ¢’(z;,); as the 
2 (s—1)! 


sum of the terms in the next lower diagonal $’(z,), ete. We therefore have 


in which Rin=1+— sit Gn 42) 


Suppose now that (x), which is perfectly arbitrary, be chosen as below so that 


for every %,, p<s. By returning to the arrangement of (3) and leaving out the 
terms due to ¢'(2;), ........., (®-) (a), we could then rewrite (4) in the form 


m=1 
+b,.p! 


+54) 


A choice of ¢(x) that satisfies the conditions just required is 


of which every 2, is a p-tuple root, by (2). — Here p is still perfectly arbitrary, 
but s=np+p—1, the degree of ¢(7). Expanding ¢(7), we find on account of 
the factor 


| 
| 
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where J, ........., I, are all integers. 


Now the coefficient of e** in (5) evidently becomes 


If the arbitrary p is taken as a prime number greater than a,, this expression is 
the sum of a,”, which cannot contain p as a factor, plus a number of other inte- 
gers. each of which does contain the factor p. N, is therefore not zero and not. 
divisible by p. 
Further, since (p+k)!+[(p—1)! k!] is an integer divisible by p, it fol- 
lows that all of the coefficients of the last block of terms in (5) contain p as a 
factor. On adding the columns of (5) we have: 


where P,, P,, ........ -, P,_, are integers. 

Before completing our argument we need only to show that by choosing 
as p a prime number sufficiently large, the last term of (6) can be made as small 
as we please. If a is a number greater than unity and greater than.any of the 
n roots x, of f(x), 


a a® 


. | Bim | <e*. 
Now since the coefficients b,, in (6) are the coefficients of (x) and since 
each coefficient of ¢(z) is numerically” less than or equal to the corresponding 
coefficient of 


yp-l 


we have the inequality, Q denoting a constant, 


8 


The last expression, designated %,, is the pth term of the series for Qe® and 
therefore approaches zero as p is increased indefinitely. 


: 
| 
: 
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We now choose the arbitrary prime number p>1 so that it shall be larger 
that a,; larger than OC, and also so that 3},<1/n. The number N, is the required 
‘multiplier N. 

For if we multiply N, into (1) in follows directly from equation (6) that 


m= 


But from Newton’s formulas* 
8,+a,=0, 8,+a,8,+2a,=0, ....... 


it follows that 8,, 8,, ......, Ss_p are whole numbers. Hence the second term 
of the right-hand member of (7) is an integer divisible by p. On the contrary, 
N, and 0 are not divisible by p. The sum of these terms therefore is a whole 
number greater than +1 or less than —1; and since the sum r, +r, +........ +rn 
is less than unity the right-hand member of (7) cannot be zero. Hence the left- 
hand member of (7) is not zero and hence (1) cannot be zero. 

§3. The proof that e is a transcendental number can be effected by almost 
precisely the same argument as that given above. It is required to show that 
the algebraic equation with integral coefficients : 


CHC + =0 (1’) 
is impossible. Evidently no generality is lost by assuming and ec, 0. Let 


=a, +4, + ......... + a,x". (2’) 


- The argument now is exactly like that of §2 from equation (2) to the sentence - 
‘introducing equation (7). At this point we observe that since all the roots of 


f(z) are integers, (6) may be written 
N,e*=p Wit, 
where W, is a whole number and r, is less than 1/n. We therefore have 
N,(e +¢,e+..... + pC W, + Wa Wad +r, tre (7) 


In the right-hand member, the first term is not divisible by p, the second term 
is divisible by p and the third term is numerically less than unity. From this 
it follows as before that the left-hand member of (7’) cannot be zero and hence 


that (1) is impossible. Therefore e cannot satisfy an algebraic equation. ~ 


*Cf. Burnside and Panton, Theory of Equations, Chapter VIII, or any book on higher algebra. 
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A BALANCE FOR THE SOLUTION OF ALGEBRAIC EQUATIONS. 


By RB. P. BAKER, Chicago. 

The ordinary balance with a riding weight and divided beam solves the 
equation az+b=0. Here a represents the weight of the rider, z its distance from 
the zero of the scale positive or negative, and } the weight in one of the pans, 
positive or negative, according to the pair. : 

Consider the quadratic F=ar?+br4+c=0, with a, b, c, real, and a posi- 
tive. Take three balance beams parallel and in same horizontal plane; their ful- 
crums in a line perpendicular to the beams. Let a-rider of weight a be placed on 
the first beam, and a fixed weight b at unit distance right or left according to sign 


of b (or unit weight at distance 6). If xis the distance of the rider from zero | 


of the scale the moment turning the beam is az+b. By some mechanism, ap- 
proximately and conveniently by a long thread attached at distance unity on this 


beam and passing vertically both up and down (to transmit forces of either sign) . 


over pulleys sufficiently distant to preserve approximate parallelism, a foree pro- 
portional to ax+-b is transmitted to the second beam at a distance x from its ful- 
erum. The second beam also has a weight c at unit distance of appropriate sign 
(or unit weight at distance c).. The moment on the second beam is now 
ax?+br+c. This may have either sign, but the sign of this does not tell us 
. which way to vary « to reach a zero value, or whether one can be reached. The 
_ third beam has weight 2a at distance z, and bat unit distance, and has turning 
moment 2ax+b=0F/dr. If this is positive x must be made to move in the neg- 
ative direction, or vice versa, to diminish the value of F. The third beam may 
be stopped and its bearing on the stops is the indicator as in the ordinary balance. 
If the equation has imaginary roots the third or indicator beam reverses 

_its moment without the second beam coming to an equilibrium. The three riders 
on the three beams can be moved so as to remain in a straight line perpendicular 
to the beams by an appropriate frame and vertical forks containing the axes of 


small rollers carrying the riders. The machine may be extended in principle to 


an equation of degree n, using 2n—1 beams, and two indicators for the signs of 
x and F(x). 

The machine may be made automatic by electrical attachments. In the 
ease of the quadraticy when the sign of F’(2) is positive, and F(2) is positive, a 
connection through the stops may be used to start a rotation which moves the z- 
frame in the negative direction. For each change of sign the connection would 
reverse the current so that the sign of —F(«x)F’(x) gives the direction of move- 


ment of the z-frame. In case of imaginary roots the machine after some oscilla- 


tion would come to rest in the minimum position. 
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GROUPS OF ELEMENTARY TRIGONOMETRY. 


By G. A. MILLER. 


In a preceding number of this journal we considered a substitution group 
of degree 6 and order 12, which is very useful in deriving formulas from each 
other.* In the present note we shall consider some groups of operations, which 
are associated with the triangle and the trigonometric functions. Nearly all of 
these groups are too elementary to exhibit many group properties, yet it is hoped 
that their formal statement will exhibit some important points in a clear light. 

We begin with the operations upon the angle « which transform sine into 
+sina. By reflecting the point representing 2 on the y-axist we obtain a point 
representing an angle whose sine is equal to sina; by reflecting the same point 
on the z-axis there results an anglé whose sine is equal to —sine. These two re- 
flections, in succession, are equivalent to a rotation through the angle z, which 
transforms a into another angle whose sine is equal to —sina. It is well known 
that the three given operations together with the identity constitute the four- 
group, or the axial group. Hence this axial group transforms the angle «so that 
sina goes into +sine. It is clear that the same operations transform each of the 
other five trigonometric functions into + the same named function. 

By reflecting on the bisector of the first quadrant, every angle is changed 
into its complement. Hence the direct functions of « will be transformed into 
the co-functions by this operation. The group generated by this operation and 
the preceding axial group is the octic group, or the group of movements of the 


_ square. Hence this octic group transforms a in such a way that each function of 


a will go into + itself or into + its co-function. Since subtracting « from any 
angle # is equivalent to reflecting « on the diameter through /2, it follows that 
the given operations result from taking the complement and supplement of the 
angle a, these operations being performed in any order. Hence by taking the 
complement or the supplement of an angle any number of times and in any order, 
we transform any of its six functions either into + itself or into + its co-function. 

Now angles ,, #, can be so selected that the two operations of subtracting 
« from them generate a dihedral rotation group of any even order, since the order 
of this group is 2x/d, where d is the highest common factor of 8,, 8,, and 2z.{ 
Theoretically, these groups are just as interesting as the group formed by taking 
the complement and supplement of the angle a, but they do not have such im- 
portant applications in the solution of the triangle’and hence need not be consid- 
ered here. 

In the preceding cases the operations of the group were performed upon 
the angle «. Instead of this, the operations may be performed upon functions 
of z. Perhaps the most interesting case results when the operations of inversion 


*Vol. 5 (1898), p. 102. 
{The angles are supposed to be represented by points on the unit circle. 
tCf. Groups of Subtraction, Monruty, Nov., 1904. 
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and subtracting from unity are performed upon sin?«. The six operations of the 
group generated 4 the two given operations* transform sin*a into the ialenieg 
functions of sin?a 


1 sin?a—1 sin?a —1 


: gin?a’ sin’a gsin’a—l’ sin?a—1l 


These are respectively, 
sin’a, cos*a, esc?a, —cot®a, —tan*®a, sec*a. 


Each of these functions is transformed into all the others by the operations of 
this group. 
; A more elementary example presents itself if it is observed that the four- 
group is the group of division and changing sign. In particular, it is the group 
of inversion and changing sign. Hence the three sets of four functions (+sine, 
+esea; +tana, +cota; +seca, +csca) are transformed among themselves by the 
operations of this group. 

If the three sides of a triangle are regarded as directed lines there are 
eight triangles having the same vertices. As the operations of changing the di- 
rection of the sides are independent operations of period two, it follows that each 
of these triangles may be transformed into all of them by the operations of the 
group of order 8 which contains seven operations of period two. Similarly, we 
obtain 64 trihedral angles from a given one by giving direction to the edges and 
the face angles. The corresponding 64 spherical triangles can be obtained from 


any one of them by the 64 operations of the group containing 63 operations of . 


period two. These triangles have been studied in details by Study, Stchsischen 
Abhavdlungen, Vol. 20, pp. 87-231. A very brief account of them is found in 
Jones’ Trigonometry, 1896, p. 168. 

The main interest in employing group theory inthe study of trigonometry 
is due to the fact these same groups have extensive applicationin other fields of 
mathematics. For instance, by means of the given operations of subtracting 
from unity and inverting we associate, in general, six expressions with every 


expression. The six expressions associated with 


(s—b)(s—c) s(s—a) be s(a—s) te-8is~e) be 
be? (8 = b)(s—c)’ (8—b)(s—e)’  8(a—s) 8(s—a)’ 


These are respectively, 


A A A A 
sin’, cos® —cot?—-, —tan’>; 


A 
2 nee? 


*Subtracting from x, and dividing x? gives rise to this dihedral rotation group for every value of z,. 
In the present case z,=1. 
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No new expressions are obtained by subtracting these from unito or by inverting 
them. The study of equality among these functions becomes a special case when 
the group generated by the operations z,—n, z,°/n transforms a point into less 
than six distinct points. This question has been completely solved for the gen- 
eral dihedral rotation group. 


THE EXPRESSION OF THE AREAS OF POLYGONS IN 
DETERMINANT FORM. 


By RB. P. BAKER. 


The area of the triangle the rectangular codrdinates of whose vertices are 
(21, Yi)5 (er Ye), is 


2 y, 1 
y, 1 
ys 


For the area of a quadrilateral whose vertices are 1, 2, 3, 4, diagonals (13) and (24) 
and such that circuits (123), (134) have the area on the left, we have : 


t 


1,0) 3 ¥g, 1, —k 

Yar 1, 1 Vey Yar 1, 1—k 


The case of the pentagon or polygon of more sides than 5 is different. 
Suppose that the area P of the pentagon can be expressed by 


Yi, 1, ay, 0, | 1 0, 0} 
Yo, 1; 0, ¥2, 1, 
Ys, 1, Ag, bg | =A | ag, yy, 1, as; 
Te, 1, Gs, 0, | Yay 1 bY, 
Yo, 1, as, | %5, Ys, 1, 


the latter being obtained from the former by subtracting multiples of columns. 

Expanding by Laplace’s method in minors of the first three columns we 

get the area as a sum of multiples of triangular areas all having the point 1 as 

vertex. The multipliers must obviously be equal. Hence all the determinants 

| a; 


‘| must-be equal. This is impossible, ~~ 


i 
. 
. 
. 
| 
| 
| 


dy, bz, 
4 = (23)(45) — (24)(35) + (25)(34) =0, 
5, bs, ag, 
which cannot be satistied by 
(23) =(45)=(24)=(35 )=(25) = (34). 


The general case fails in consequence of a similar identical relation among 


_ the determinants of a matrix. This relation can be expressed as the expansion 


of a determinant of 2(n—3) rows which can be symbolized by ale 4 where A, 
B, © denote, respectively, 


0, 0, As, Agy An—g | gy my 


When this is expanded according to Laplace’s method in determinants of (n—3) 
rows, we get 


—(2, 8, «......... N—3, n—1)(n—2, n, 2, ........ N—4) 
(2, By N—B, N)(N—B, N, By -» n—4)=0, 


which cannot be satisfied if these determinants are all equal. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. | 


Problem 206 was also solved by J. E. Sanders; No. 207 was also solved by L. E. Newcomb. 


208. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


Solve (1) (2) =m. 


I. Solution by EDWIN L. RICH, Student at Lehigh University. 
Equation (1) may be written 


(2? — ty =0 (8). 


i 

‘ 

2 | 

~ . | 
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Solving each factor, 


From the simultaneous equations (2), (4) and (2), (5), 


r= (848), 


II. Solution by S. A. COREY, Hiteman, Iowa. 
Adding 2x2y? to each member of (1), 


xt y? 
whence +y*% = + 4ay..........(4). 
Squaring (2), we have 

+ 
substituting from (4), 6ry=m?, or —2ry=m?, 


whence, or 


By substituting these values of z in (2), we find without difficulty, 


3+ or m(3+7/3/4) ; 
y=m(4 Fry), or 3/4). 


: Also solved by R. L. Borger, G.W. Greenwood, E. L. Sherwood, L. E. Newcomb, J. F. Lawrence, 
8. E. Harwood, Elmer Schuyler. G. B. M. Zerr, and J. Scheffer. 
209. ‘Proposed by F. P. MATZ, Se. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


Prove that 


Solution by M. E. GRABER, A. M., Heidelberg University, Tiffin, 0. 
(a? >2ab and (c*+d*)>2cd from which, by multiplication, (a*c? + 
b2c? +a*d? + 
Again (at+ct)>2a%c?;  (at+d*)>2a2d2, and 
(b4++d*)>267d?. 
By addition, and this in 
connection with (1) gives (a*+6*-+c++d‘)>4abed. 


~ Also solved by G.W. Greenwood, R. L. Borger, E. L. Sherwood, L. E. Newcomb, Elmer Schuyler, 
J. H. Meyer, A. J. Haun, C, A. Laisant, J. Scheffer. 


q 
| 
1 4 
| 2 2 


.*, Dr. G. B. M. Zerr and Mr. J. F. Lawrence prove in general that 
a,+a,+........ +4, (A, Gq... Dr. Zerr. also proved that (a,™+-.......... 


210. Proposed by W. J. GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 


The sum of five quantities and the sum of their cubes are both zero. Show 
that the sum of their fifth powers is a factor of the sum of any odd powers of 
the quantities. 


Solution by:G. W. GREENWOOD, M. A. (Oxon), Professor of Mathematics and Astronomy in McKendree 
College, Lebanon, Iil. 


Denote the quantities by a, 8, y, 4, «, and let the equation of which they 
are the roots be 
+ax4 + bx? +cx? +dx+e=—0. 
Then Xa=—a=0. 
—=( Ya? — 


Substituting the roots in turn for z, and adding, we get, 
+5e=0. 


Multiply the equation by z*, make the same substitutions, and we get in a simi- 
lar manner, 
+0325 +5e—0, 
i. 327 


Hence 32° is a factor of 327 and the process may be repeated indefinitely. 
Also solved by £lmer Schuyler, G. B. M. Zerr, J. Scheffer. 


GEOMETRY. 


228 Proposed by 0.E. GLENN, A.M.. Fellow in Mathematics, University of Pennsylvania, Philadelphia, Pa 

Given a point O without a circle §;-two arbitrary lines through 0 cut Sin 

the points A, A’, and.B, B’, respectively. Prove, by pure geometry, thatthe four 

circles through OAR, OBR, OA'R’, OB'R’, respectively, intersect in points col- 
linear with O; R and R’ being points upon 8 arbitrarily chosen. 


Solution by T. L. CROYES, Paris, France. 

Let us take the inverse of the system with regard to O, and let the inverses 
of the five circles 8, OAR, OBR, OA'R’, OB'R’, be a circle s, and the four right 
lines ar, br, a'r’, b'r' (a, a’, b, b', r, r being the inverses of A, A’, B, B’, R, R’). 

By Pascal’s theetsns; the points of intersection (ar, bir')(br, a'r’) are col- 
linear with the point 0. : 


237. Proposed by 8. A. COREY, Hiteman, Iowa. 


Let AB, BC, CD, DE, BA be the sides of a pentagon, plain or gauche. 
Double the length of CB and DE by extending from B and E£ to G and H, re- 
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spectively. Draw B’D parallel to and of the same currency as BO. Connect @ 
and H. Then prove that2(A B* + BC?+0OD* + DE? + HA*)=3CD? +4( DE. BC. 
cosEDB’ + EA.AB.cosEAB)+GH?. 


Solution by the PROPOSER. 

Let a, 6, c, and d be the vector sides corresponding with DH, HA, AB, 
and BO, respectively. Then will —(a+b-+-c+d) represent the side CD, and 
(a—b—c+d), the line GH. Squaring each of these six vectors to get their 
squared tensors, and adding as follows: 


—3T? .(—a—b—c—d)—T? .(a—b—c+d) 


is found to be 4( Ta. Td.cosad+ Tb. Tc.cosbe) as required by the problem.* 


238. Proposed by 0. W. ANTHONY, Head of the Mathematical Department, DeWitt Clinton High School, 
New York. 


Construct a trapezoid having given the sum of the parallel sides, the sum 
of the diagonals, and the angle formed by the diagonals. 


I. Solution by J. H: MEYERS, S. J., Profsssor of Mathematics in Spring Hill College, Mobile, Ala. 


Construct the triangle ABO, whose base AB=sum of parallel sides, angle 
C=angle between diagonals and where AC+ CB=sum of diagonals. [See Cas- 
ey’s Sequel to Huclid, Book II, Prop. 29.]t 
‘ Take the point # on AB, such that CH—CB; from EF draw EF parallel 
and equal to AC meeting CB in O; join Band F. CFBE is the required 
trapezoid. In proof, AH—CF, hence HB+COF=given sum of parallel sides. 
Since EF=AO, EF+OB=given sum of parallel sides. And finally, angle 
EHOB=ACB. 


Analogously solved by J. Scheffer. 


me) Il, Remark by G. W. GREENWOOD, M. A., Professor of Mathematics and Astronomy in McKendree College, 


Lebanon, Ill. 
Consider any trapezoid ABCD satisfying the given conditions, where AB, 
CD are the parallel sides. Draw any parallel to AC meeting AB internally in 


_ A’, say, and hence meeting OD internally in 0’. The trapezoid A’BO' D can eas- 


ily be seen to fulfill the required conditions. Therefore the solution is not 
unique. 


*In the above solution the lines CB and DE are the ones produced. Prof, G. W. Greenwood has 
demonstrated that the corresponding theorem, where the lines produced are BC and ED, does not hold 
true. Eb. E. 

{Describe on the same side of AB as a chord the arcs AXB, AYB such that angle AX B=given angle 
a for every point X, and AYB=}ja. Determine the point P on arc AYB such that AP=sum of diagonals of 
trapezoid (i. e., sum of sides of the required triangle). Let AP meet arc AXBin CO. Then since angle 
OPB+CBP=c, angle CBP=ja and CP=CB, Therefere ABC is the required triangle. Ep. E. . 


/ | 
| 
| | 4a 
| 
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III. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Suppose ABCD the required trapezoid, AB being the shorter (upper) 
_ base, BD=z, one diagonal, AC=BF=y, BG=altitude=h. Produce DO to F 
so that r+y=c, ’=given angle. 1/(#*—h?)+ 
V (y?—h*)=a. + 
—2ay. ..4(c? —a*® Now zxysind=ah. 
=" ) 


—a*)tan$é or h=4(c* —a® )cot4o. 


c2—a? c? —a? a 


/ (a? —c*®eos?4$6) V (a? —c*sin® $0) 

—c®cos*40) V (a* —c*sin® $0) 


Hence lay off DF=a, and draw AE parallel to DF at a distance h from it. 
With D as center and DB=2 or y draw DB; then DF=yorz. Draw any line 
parallel to BF as AQ, A’C’, A”O”, and join B, D to C, 0’, 0", A, A’, A”, respect- 
ively. Then any one of the many trapezoids thus formed fulfill the required 
conditions, as is evident by drawing a figure. 


IV. Solution by J. J. KEYES, Nashville, Tenn, 


Construct the triangle HBF having BE=sum of diagonals, BF-sum of 
bases, and angle H=% given angle. At F construct the angle HFD=angle E, 
FD meeting BE in D. Through Ddraw DM parallel to FB. Take any point 0 
on BF, draw CA parallel to FD meeting DMin A. Join AB, DC. ABCDis 
the required trapezoid. In proof, AO=OCF. of 
bases. AC=DF=DE. -.AC+BD=BD+DE=-sum of diagonals. The angle 
between BD and AC=angle BDF=2 angle H=given angle. 

Also solved by Elmer Schuyler. 


CALCULUS. 


Problem number 181 was also solved by 8. A. Corey and L. C. Walker. 
183, Proposed by W. J. GREENSTREET, A. M., Stroud, England. 


 sin2nzdz 
Evaluate J, (a? +2" 


| 
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Solution by G. B. M. ZERR, A. M., Ph. D. 
sin2nzx dz 
Let u = (a? +2?) sing’ then 
du 2xcosnaxdx atu 4x? sin2nxdx La? sin2nzdz 
sinna cosna dx _ enzy—l_ 
Let v= = 8 cosnadx. 
Let 2)/(—1)=zy, dr=—z)/(—1)dy; f 


sinzn 


)= —2z)/(—1)tanzn. 


*,v=0, since n=any integer. 


+ Be-2m, When n=—0, u=0, and B=—A. w=A(e?4" —¢—2an), 


ne—@ 


and A= 


When n=1, 


sinh 2an 


184. Proposed by W. J. GREENSTREET, A. M., Stroud, England. 
If u=f(«, y); §=e7y; yy=e*; show that 
du 
dz? dy? Yay 


Solution by G. W. GREENWOOD, M. A. (Oxon), Lebanon, Ill, 
We have z=slog?+4logy, y=)/(/7), and therefore 


0 0 
Yay 


y 


In a similar way we get : a 
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(a+ Vay) Yardy * Yan ay 


Also solved by G. B. M. Zerr. 

MECHANICS. 


170. Proposed by ELISHA S. LOOMIS, Ph. D., Berea, Ohio. 

Two angles of iron, A,CD and A,0A,, move freely ona pivot at-C. Rods 
B,A, and B,A, are attached, respectively, at A, and at some point A, so that 
when B, moves along the rod CR, which is perpendicular to A,A,, CD and CA, 
shall coincide in position with CH which is perpendicular to rod KR. When 
angle A, CD is 135° find CA, in terms of CA,. Also find the following: ~ 

a) That value of CB, which will require least effort exerted at B, to cause 
OA, to take the position CA,._ - 

b) That value of CB, which will cause B, A,, if produced, to pass through 
the point A,. ; 

c) As OB, varies in value, what is the locus of the intersection of A,B, 
and A,B,? Of B,A, and B,A,? 


d) Suppose angle A, CD to be any other angle than 135°, then find CA, 


in terms of OA,. 
(For figure see pp. 177 and 212.) 


II. Solution by @. B. M. ZERR, A. M., Ph. D,, Parsons, W. Va. 
Let OB,=a, CA,=r, CA,=«, 
A, 
d) A, B,=A,B,=// (a? +r* )=//(r* + OBZ —2r.0B, sing). 
CB,=rsinf + (a? +r*sin?8). 
A,B, =2* +2r*sin?3+a? + 2rsin§)/(a* +r*sin?A). 
A,B, =A,B,=2* +a? + 2azsin£. 
sinf+r(a?+r* sin?) 
é 
When p=3x, [rt § 
a) Let P=pull along A,B,, Q=resolved part of pull along A,C. 
Then Q==PcosCA , B, =Peosé 


Pra 


=a minimum. 


| 


Differentiating and reducing, 

(7? —2a*)// (2a? +r*) +974 
Let 

2—2ay* —2)// (2+y* )+y*2y/ 2—4y —2y3 =0. 

“. y=0 or a=o for the minimum effort. 


A,B,=y [a?-+2r? + +4, (2— v2). 
or r(1—7/2) (2-1/2) (2y? —r*). 
_ r/Q-y2) r 


V@-1 


c) z/a—y/r=1 is the equation to A,B, ......... (1). 
re+-yy/ (2a® 2// (2a? + r?)=0-is equation to A, B,.........(2). 


From (1), (= 7; ; this in (2) gives 


(y—ry/2)? (22? + (rt+y)? ]=(r+y)*(r//2—2)? for first locus. 


2ax 
Qa? =1 is equation to A,B, ......... (3). 
+ 2ry=ry/2[r+ (2a? +r? )] ........ (4). 


2a? +42) y=r[r+y/ (2a? +r?) (2a? 


is equation to A, B,.........(5). 
From (4), 


2x? 


Substituted in (5) this gives the second bens: 


* 171. Proposed by G. B. M. ZERR, A. M., Ph.'D., Parsons. W. Va. 


Prove that the electrical capacity of an oblate ellipsoid of revolution is 
V (a? —b? )/cos—1(b/a), where a and } are the equatorial and polar semi-diameters. 


‘I, Solution by M. E. GRABER, A. M., Heidelberg University, Tiffin, Ohio. 


- Suppose the thickness of the shell to be m¢, then the force due to the shell 
at any point P, external, is 4zom¢. The force due to the shell is obtained from 
dn 4zpmdabe 


~ CECE where dn is an element of the normal at 


4 

. - 
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| 
| 
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Taking dz, oh sor « in the direction of the normal we get from the differentia- 
22 

=1, dl=2¢dn. 
2zxpmabedl 

+1) (0? +))’ 


tion of 


a*+ 


Hence dv = from which we get 


dl 
v=2apmate V +1) (0? +1)(e? +)] 


Replacing 4zpmabe, the mass of the shell, by Q in the electrical case 


Or al 


Since —0 and a=c>b), we get, upon integrating, 


=// (a* —b?)/cos-1(b/a). 


II, Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

The electrification at any point is proportional to the length of the perpen- 
dicular from the center on the tangent plane at that point. Let us denote it by 
mp. We must have /‘mpd8 equal to the charge Q. 

The potential V at any point in the interior of the conductor is conStant. 
At the center we have 


Q 
= fp psinéds = 25 r?sinddé 


Q ; cose | 


The capacity Q/ V==7/ (a? —b* )/eos—(b/a). 


j 
j 
3 
- 
| 
\ 
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AVERAGE AND PROBABILITY. 


154. Proposed by L. C. WALKER, A. M., Santa Barbara, Cal. 


Five points are taken at random in space. The chance that the fifth point — 
may be included within the tetrahedron of which the other four points are the 
vertices is 


Solution by the PROPOSER. 

With the on points taken at random as vertices, five tetrahedrons may 
be formed. 

Let A, B, C0, D be the four points which form the greatest tetrahedron, 
and let E be the fifth point. Through the vertices A, B, O, D, pass the planes 
BCD’, A'C'D’, A'B'D’, A'B'C, parallel, respectively, to the planes BCD, ACD, 
ABD, ABC. Now E must fall within the tetrahedron D—ABC; for if FE fell 
without it, the tetrahedron D—ABO would not be the greatest tetrahedron which 
could be formed with the five random points as vertices. 

Consequently the volume of the tetrahedron D’—A’B’(’ represents the ex- 
tent of all possible cases; that is, of all cases consistent with the assumption that 
D—ABC is the greatest tetrahedron that could be formed with the five random 
points as vertices. The volume of the tetrahedron D—ABC represents the total 
number of favorable cases. - Hence the required chance is 


__ the volume of tetrahedron D—ABC _, 
~ the volume of tetrahedron D’—A’B’C’ 7" 


156. Proposed by J. E. SANDERS, Hackney, Ohio. 


Find the average area of a triangle, the sum of whose sides is constant 
and equal to 2a. 


Solution by the PROPOSER. 
Let y, 2a—x—y be the sides. 
Then the area is A=)/[a(a—2)(a— y)(e+y— a)}. 


The limits of z are 0 anda; of y,a—xanda. Putting ~ for the average 
area required, we have ; 


Let Eons du = —dy; the limits of u are z and 0. 


‘[a(a—z) 570°. 


Solved with the same result by S. A. Corey, and G. B. M. Zerr. 


| 
| ; 
2. 


DIOPHANTINE ANALYSIS. 


122. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 
If p is a prime (p*—1)(p?—1) has no factor of the form L+p%, «>0, if 
p>2; (p*—1)(pt—1)(p?—1) has no factor of the form 1+-p5z, z>0. 


No satisfactory solution has been received. 


MISCELLANEOUS. 


145. Proposed by H. F. MacNEISH, Chicago. Ill. 


Two complete 5-plane configurations in space having the same vertices are 
identical; in general two complete (n+2)- -faces i in n-space having the same ver- 
tices are 


“ Solution by the PROPOSER. 
We proceed at once to the general case. 

; Definition. An (n+2)-face in n space is defined as the n-space configura- 
tion formed by (n +2) (n—1)-spaces and the intersections with the restriction 
that noi+2 (i+ )-spaces have a common j-space. 

Suppose one (n+2)-face has the following notation: The (n—1)-spaces 
are specified A?—! (r=1........ n+2), and any j-space has notation of the type 
ie and the incidence relations are fully specified by stating that 
j lies in precisely every element of higher dimensions whose ‘subscripts 
are all of the set 4, ........ tej. 

(1) Any three collinear points are of the type 


= 0 ~AO 


We consider any two points with every possible third point and. show that this 
type is the only possible type of three collinear points. 

two points is collinear from the (n+2)-face At—!; any other 
third point will be of the type A%,_«, +“ which will then be on the line 
in, (being collinear with 4, amd ing (n+2)-face 
and then n+1 (n—1)-space AR, ART will pass through 
A°;,__in yg Which contradicts the definition of an (n-+ 2)-face. 


-- tn—2t 


Now ‘the line determined by A%j, 
A*;,__ in and the line determined by A% in, 


lies in the plane 
lies im the 


-in+e 


--- 


= 


it 


r 


ie 


plane and the line determined by A%,; 
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0 
«---- in+2'n+i inte 
lies in the plane A*;, i, 


Therefore if ing? in_ginsiinge are collinear, 
these three planes are coaxial, which contradicts the definition. 

(b,) ig yg With On this line will lie the 
point ini, for it is collinear with A°; and A; in the (n+2)- 
face and at A, i, We then have n+1 (—1)-spaces concurring, which 
contradicts the definition. 

Therefore the points are collinear only according to type (a); there are 
exactly »+20,_; such lines, and these are the lines of the (n+2)-face Ap—. 


Therefore if the xertices of two (n + 2)-faces are identical the lines are identical. 


Af i, ----in_p—1 
k 
A n—k+2 
At 


For if only n—k—2 or less subscripts are common for any two k-spaes in the 
same (k+1)-space we would have ,k-spaces of the types 
Af, ..oin_,-girte lying in the same (k+1)-space. They intersect in a i 1)-space 
which will lie in (n—k+2) (n—1)-spaces; i. e., 
An-!, An-!, which contradicts the definikion that no i+2 (i+k)- 
spaces wane a common k-space. 

Therefore u the k-spaces of two (n+ 2)-faces are identical the ehsasaens 
are identical k=0, ......... 

Therefore the two (n+-2)-faces are identical throughout. 


| = f 
a: (11) Any k+3 k-spaces in the same (k+-1)-spaces are of the type for.k= 0 : 
e 

| 

_ 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


215. Proposed by EDWIN L. RICH, Lehigh University. 
Solve 
(2) a/a-+b/y+2/e=3, 
(8)... a/x+y/b+2/e=3. 


216. Proposed by L. E. NEWCOMB, Los Gatos, Cal, 
.Express by radicals the roots of +-bx3+-4a°x? + c=0. 


217. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 0. 


Find the condition that H=x5—bx* +cx*®+dx—e shall be the product of 
a complete square and a complete cube. 


"918, Proposed by SAUL EPSTEEN. 


Prove that 3 


rer it ‘where ¢c, is the coefficient of 2 in the expan- 
r=0 
sion of (1-+-z)". 


GEOMETRY. 
236. Errata. This problem should read: If two sides of atriangle pass 
‘through fixed points, the third side touches a fixed circle. 


243. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College, 
Defiance, 


What is the equation to the curve on which lie the centers of the inscribed 
circles in the right-angled triangles of hypotenuse h? 


244, Proposed by 0. W. ANTHONY, Head of the Mathematical Department, DeWitt Clinton High School, . 


New York. 

Upon the sides of a triangle as bases isosceles triangles with base angles 
of 30° are constructed. Show that the lines joining the vertices of these isos- 
eéles triangles form an equilateral triangle. 

- 245. Proposed by W. J, GREENSTREET, A. M., Editor of The Mathematical Gazette, Stroud, England. 

PCP’, DCD’ are conjugate diameters of an ellipse; PN, DM are the ordin- 
ates to the major axis at P and D; show CM/PN=ON/DM=A0/BO, and that 
AP and BD’ are parallel, and that AP’ is parallel to BD. 


J 
‘ 
2 
7 
; 
4 
> 
‘ 
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CALCULUS. 


187. Proposed by L. T. JACKSON, St. Louis, Mo. 
Find the area of the ellipse 
+a, cosd+a, sind, 
y=b, +6, cos6=—b, sind. 


188. Proposed by SAUL EPSTEEN. 
y(y® +2)dy 
Bvaluate 


AVERAGE AND PROBABILITY. 


130. Proposed by L. C. WALKER, A. M., Santa Barbara, Cal. 
Three points are taken at random in a given circle, and a circle passed 


through them. The probability that the circle through the random points will 
be wholly in the given circle is 2. ‘ 


NOTES. 


A number of good problems in Algebra, for solution, are desired. 


Mr. T. H. Barton has been appointed instructor in mathematics in Dart- 
mouth College. 


Dr. E. L. Dodd has been appointed instructor in mathematics in the Uni- 
versity of Iowa. 


At Rutgers College Prof. E. A. Bowser has been made emeritus professor 
of mathematics. 


Mr. A. Hall has been appointed instructor in mathematics in the United 
States Naval Academy. 


- Mr. H. V. Gummere has been appointed professor of mathematies in the 
Drexel Institute, Philadelphia. 


Dr. H. C. Converse has been appointed instructor in mathematics in the 


. Baltimore Polytechnic Institute. 


Mr. E. D. Grant has been promoted to an assistant professorship in math- 
ematics and physics at the Michigan College of Mines. 


: Mr. T. E. Gravatt and Mr. C. F. Sharp have been appointed to instructor- 
ships in mathematics in the Pennsylvania State College. 


i 
1 
4 
he 
‘ 
: 
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Dr. B. L. Newkirk has been appointed instructor, and Mr. A. J. Cham- 
preux assistant in mathematics at the University of California. 


The following new members have recently been admitted to the American 
Mathematical Society: R. P. Baker, W. H. Bussey, H. A. Converse,-A. M. 
Curtiss, G. R. Dean, E. L. Dodd, R. R. Fleet, E. D. Grant, J. E. Higden, L. E. 
Karpinski, O. C. Lester, Tultio Seir-Cevita, J. C. Symer, W. F. Monerieff, 
A. Ranum, C. 8. Sisam, Adelaide Smith, Clara E. Smith, C. M. Snelling, 
Edward Study, D. T. Wilson. 


The Index for Vol. XI will be sent out with the January number of Vol. 
XII. 


BOOKS. 


Exercises in Algebra. By Edward R. Robbins and Frederick H. Somer- 
ville, William Penn Charter School, Philadelphia, Penn. 8vo. Cloth Sides and 
Leather Back. - 173 pages. New York and Chicago: The American Book Co. 

This little book abounds in well selected exercises suitable for beginners in 
Algebra. F. 

Practical Measurements in Magnetism and Electricity. By George A. Hoad- - 
Jey, A. M., C. E., Professor of Physics-in Swarthmore College; Author of ‘A 
Brief Course in Physies.’’ 8vo. Cloth, 111 pages. New York and Chicago: The 
American Book Co. 

This book contains a fine collection of experiments in Magnetism and Electricit 
well suited to the requirements of students in the High School or Senden: F. 

An Introduction to the Modern Theory of Equations. By Florian Cajori, 
Ph. D., Professor of Mathematics, Colorado College. 18vo. Cloth, ix+239 
pages. Price, $1.75. New York: The Macmillan Co. 


In addition to the usual matter treated in works on the Theory of Equations, Dr. 
Cajori has, in this treatise, devoted 24 pages to Substitutions, 5 pages to the Lagrangian 
Resolvents, 26 pages to Galois’ Theory of Algebraic Numbers, 24 pages to Normal 
Domains, and 12 pages to Reduction-of the Galois Resolvent by Adjunction. . 

The treatment of the Theory of Equations as here presented is clear, eminently sci- 
entific, and thoroughly modern. It cannot fail to satisfy the demands for a first-class 
work on the subject it treats. E: 


Physical Laboratory Manual for Use in Schools and Colleges. By H. N. 
Chute, M. 8.,-Author of ‘‘Practical Physies,’’ ete., and Teacher of Physies in the 
“Ann Arbor High School. Revised Edition. 8vo. Cloth, 266 pages. Price, 80 
cents. Boston and Chicago: D.C. Heath & Co. 


The experiments:in this book may all be performed in the average High School Phys- 
ical Laboratory, and will give the student a thorough understanding of the physical prin- 
ciples involved in each. F, 


_ERRATA. 
Page 198, Mechanics, for 121 read 171. 


: 
x 
; 
‘a 
\ j 
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INDEX TO VOLUME XI. 


[Prepared by Saul Epsteen. } 


ALGEBRA (see Problems below). 


ARITHMETIC (see Problems below). “ 
AVERAGE AND PROBABILITY (see Problems below). 


Murray’s A First Course in Infinitesimal Calculus, Sewall’s Wireless Telegraphy, ~ 
Burkhatdt’s Einfuehrung in der Theorie der Analytischen Funktionen einer Kom- 
plexen Veraenderlichen, and Burkhar@t’s Algebraische Analysis, 22. vee 
Grace’s The Algebra of. Invariants; MacMahon’s Elementary Plane Gebdmetry, 
Colaw’s School Algebra, Higgins’s Lessons in Physics,'Bowdeh’s Elements of the 
Theory of Numbers; Wells’ Advanced Course in Algebra, Miller’s Laboratory 
Physics, Montgomery’s' An Elementary American History, Smith’s Primary Ar- 
ithmetic, Taylor’s Plane Trigonometry, Maurer’s Technical Mechanics, The Jones 
Series of Readers, Sabine’s A Student’s Manual of a Labotatéry Course in ‘Physi+ 
Measurements, Shyder and Palmer’s One :Thousand Problems in Physics, 
Davis’s Elementary Physical Geography, 
Halsted’s Rational Geometry, 178. 0 
Campbell’s The Elements of the Differential Calculus, 198. ; 
Selinwanoff’s Lehrbuch der Differenzenrechnung, Loewy’s Versicherungsmathe- 
matik, Smith’s Grammar School Algebra, Granville’s Eléments of the Differential 
and Integral Caléulus, Scribner’s Where Did Life Beyin? Hancock’s Lectures on 
the Calculus of Variations, Ames’ Text-hook of General Physies, 215—218. 
Robbins and Summerville’s Exercises in Algebra, Hoadley’s Practical Measure- 
ments in Magnetism and ‘Electricity, Cajori’s An Fntroduction to the Modern The- 
‘ ory of Equations, and Chute’s Physical Laboratory Manual, 242. 
CALCULUS (see Problems below). ¢ : 
GEOMETRY (see Problems belowy. 


MATHEMATICAL PAPERS. 


4 tyes 


Baker. A balance for the solution of algebraic -- 224 
The expression of the areas of polygons in determinant form .----2_._------- 227-228 
Dickson, L. E. A property of the group @,2” all of whose operators except iden- 

Emch, Arnold. The theory of optical squares --......--.....----.---.---------.- 32-36 
Epsteen, Saul. ‘An elementary account of the theory of finite differences -_________ 131-136 
Glenn, O. E. A method of transvection in the actual coefficients, and an applica- 

Greenwood, G. W. Representation of real and imaginary loci in the same plane__105-106 
Halsted, G. B. Simon’s claim for Gauss in non-Euclidean geometry 85-86 
Hawkesworth, A: S. Four new theorems relating to conjugate 164-166 
Lehmer, D. N.- On a cylinder the intersection of which with a sphere will develop 
Miller, G. A. On the generalization and extension of Sylow’s theorem 29=82 
On the totitives of different orders ._---- 129-130 
Two infinite systems of groups generated by operators of order four--_-..____- 184-185 


| 
a 

= 
Groups of elementary trigonometry ....--.--. -.. 225-226 
> 
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Putnam, T. M. A proof that four lines in space are in general met by two other 


Quackenbush, H.S. A simple construction for finding the diameter of a given ma- 

Quinn, John J. A linkage for describing the conic sections by continuous motion... 12-13 
Roe, E. D., Jr. On complete symmetric functions----.--..----.------- .--- 156-163, 179-184 
Vandiver, H. 8. On some special arithmetical congruences 51-56 

Note on the expansion of devertebrate determinants .--- 166-168 
Veblen, Oswald. Polar coérdinate proof of trigonometric formulas. ---.----- .----- 6-12 

Wilson, E. B. Spherical geometry ---- ---- 1-6, 23-28, 47-51, 75-80, 101-105, 123-128, 151-156 
Zerr,G. B. M. On the evaluation of certain definite integrals... 56-62 

The sinking find of the United: States 


MECHANICS (see Problems below). 
MISCELLANEOUS (see Problems below). 


NOTES... 21, 46, 74, 100, 122, 147, 177, 198, 214, 241 


PROBLEMS. ALGEBRA. 
99. Seven persons at table. 
185. Solve ax? + br+c=0, ay* + by+d—0, ax?y? + bry + end,” 
187. 27 + 


188. x*y? 

Schuyler, Anthony, Greenwood, Drake, Barrett, McNeish, Newcomb, Zerr, 


190. General term of 2, 3, 7, 46, 2112. 


191. Multiplying by 2, 3, 4, 5, 6 leaves order of — of number eee 


1 ( 1 
192. (3+ - (2 
194. Period of Abelian transformations of type [b,, d,, b,]- 
195. ( ,C, r?=n* —2n, n=integer. 
r=1 


196. rth term of (x—1/x)"=2" in terms of z. 

Newcomb, Greenwood, Posey, Zerr, Bureis..-..-..--.-------.------------- 73, 114 
197. (18)42-) =(541/ 2)%-2, 

Matz, Landis, Greenwood, Sanders, Holmes, Posey, Wells, Hopkins, Higley, 

Zerr, Sherwood, Bareis, Scheffer, Newcomb..-...-..--------..-----.-------- 73, 114 


uf 
a 
| 
aa 
— 
{a 
4 
a 
‘ 
q 
4 
; 
\ | 


198. 


199. 


200, 


201. 


202. 
208. 
204. 
205. 
206. 
207. 


208. 


209. 


210. 


211. 


245 
Qr+v—6Y, 2041, 


Matz, Zerr, Holmes, Posey, Sanders, Greenwood, Hornung, Newcomb, 


4, ) (z—a, )=(4+4, )......... 

Epsteen, Posey, Zerr, Greenwood, Newcomb.--. ------.--------------------- 99, 137 
Maximum of (4+2)/( 22? -+3r+6) is 4. 

Matz, Zerr, Graber, Newcomb, Greenwood --------.------.-------------- 121, 171, 187 
r+y+ary=75, 2? —y*?=315. 

+30m3 x3 + 9m4e+2r—0. 

Zerr, Holmes, Schuyler, Scheffer, Newcomb, Posey--...------------.-----.--- 146, 187 
+b2+c—0. 

Newcomb, Scheffer, Zerr, Posey, Holmes, Schuyler. --.------ 146, 188 
Syzygy of seventh degree among roots of x*+qr+r=—0. 

Matz, Graber, Schuyler, Scheffer, Posey, Newcomb, Greenwood ------------ 146, 189 
2154 att +15m72+-2r=0. 

Newcomb, Zerr, Scheffer, Greenwood, Holmes, Sanders-----.----..------ 176, 207, 228 


+ e+ y=—a. 

Paulsen, Rich, Holmes, Zerr, Greenwood, Graber, Scheffer, Newcomb--176, 208, 228 

Matz, Rich, Corey, Borger, Greenwood, Sherwood, Newcomb, Lawrence, 

Matz, Graber, Greenwood, Borger, Sherwood, Newcomb, Schuyler, Meyer, 

Hean, Laisant, Scheffler, Zetr, Lawrence 196, 229 
If +2,=0, =0, sum of odd powers is divis- 

ible by sum of fifth powers. 

Greenstreet, Greenwood, Schuyler, Zerr, Scheffer....-.--.--.-------.------ 196, 230 
p—q and g—pz tend to equality as x approaches zero. 


Matz 


. Number of terms in (7, + ......... +2,)". 


. Three simultaneous equations. 


|| 
| 
3 
212. + —22+3) + (2? —22+38)/(x? +27+3)=10/38. 
213. 25 —2092+56—0. 
21 
3 217. Condition that 25 — bx? +-cx? +dx—e=0 is product of cube by square. ¢ 
¢ 
4 216. 3 = 


GEOMETRY. 

203. Two parabolas through vertices of triangle touching cireumcircles. Converse 14 
208. Tangents to confocal parabolae. Greenstreet, Greenwood,)Zert ----.-.2--s: 14 
209. Maximum of sine cose cos2e, Greenstreet, Droke, Newcontb, Zerr---.------ 15 
210. Interior bisector.of C==120° in tviangle ABC. Dickson, Graber, Droke, Wells, 
Greenwood, Newcomb, Zerr, Scheffer, Sherwood: --- 16 
211. Inseribed regular pentagon and decigon. Dickson, Droke, Wells, Greenwood, 

212. Relations between certain segments of two coplanar triangles. Finkel, « 
218. Vertices of equilateral triangle on three parallel lines. MacNeish, Hopkins, : 
Wells, Greenwood, Holmes, Newcomb, .--u 37, 68 


214. Inscribed triangle, sides passing through given points. MacNeish, Greenwood ~ 87 
215. Given bisectors of acute angles, construct right triangle. Newell, Dickson 20, 63, 91 


216. Given hypotenuse and side of inscribed square, find sides. Quinn, Dickson, « % 
Finkel, Elwood,-Holmes, Zerr, Newcomb, Hopkins, 20, 63 
217. Locus of ‘vertex of a cone.” 20, 64 
218. Cut off given area from given triangle... Anthony, Posey, Greenwood, Zerr, 
219. Geometric solution. of quadratic equation. Dickson, Landis, Finkel, Holmes, 
219a. Divide quadpilateral into two equivalent parts. MacNeish, Zerr, Greenwood, 
220. Sides of triangle perpendicular to sides of given triangle. Zerr, Greenwood, 4 


221. Given hypotenuse and side of inscribed square, find sides. Dickson, Green- ‘) 
wood, Corey, Holmes, Wells, Hopkins, Zerr, Sherwood, Scheffer, Neweomb, 
. Normals at ends of focal chord of parabgla. ap Pouey, Wells, Scheffer, 
. Triangle and point in coplanar line. aieniuecand Greenwood, Landis, Posey, “ » 
Common tangent to two circles. Hoover, Scheffer, Zerr, Holmes, San- 
ders, Hornung, Sherwood, Barei#j Newcomb... 99, 138 
Determine triapgle,-given altitudes, medians, etc. Dickson, Sanders, Schef- 5 
. Plane perspective triangles lead toinvolution range. Greenstreet, Graber 121, 171, 19% 
. Construction of from five given conditions. Anthony, Graber, 4, 
. Founcircles intersecting in pe points. Glenn, Croyes._...--.---- 121, 178, 230 
Complex roots of quadratic equation. Posey, Greenwood. 146, 191 
Cut off given area from triangje. iEpsteen, Scheffer, Zerr, Greenwood, Schuy- 
. Man starting from vertex of right isosceles triangle goes to middle point of 
hypotenuse, etc. Finkel, Zerr, Holmes, Newcomb, Schuyler, : Posey, 


SERB 8 


232. New definition of conic sections. Veblen, Scheffer, Zerr, Newcomb, Greenwood 146, 194 
233. Perpendiculars from circumcircle to sides of triangle. Norris, Greenwood ---.176, 208 
284. Reciprocal ofa circle. Graber, Greenwood, Zerr._---- 176, 208 
235. Point of ellipse joined to corners of inscribed square. Gresnsienns, Green- 

236. Sides of triangle through fixed points. 196, 240 


— 
a 
4 
: 


237. Relations of lines in pentagon. Corey, Greenwood .----.----.--------------- 197, 230 
238. Given four conditions to construct trapezoid. Anthony, Meyers, Scheffer, 
239. Relation of segments of sides of triangle. Greenstreet...-..-.-------.------ 213 
240. Given isosceles triangle to determine perpendiculars, ete. Burleson.------- 213 
241. Conics having double contact with given conic. Epsteen-.__-----.--.-.------ 213 
242. Determination of a line in given trapezoid. Baker._--_-.------------------- 213 
243. Locus of centers of circles inscribed in right triangle. Matz-.---.-.---------- 240 
244. Equilateral triangle about a given triangle. Anthony ----- 240 
245.’ Relations among ordinates to conjugate diameters of ellipse. Greenstreet_--_- 240 
CALCULUS. 
dx y~1—logz 
Matz, Beman, Droke, Graber, Anthony, Greenwood, Zerr, Sanders, Gregg.. 17, 38 
173. Maximum ellipse inscribed in quadrant. 
Sanders, Gregg, Greenwood, Zerr, Holmes, 38, 67 
174. core de; <q". 
o sinh gz 
175. Volume of + a?y?/x*=c? between r=a. 


176. 


177. 
178. 


179. 


184. 


Graber, Greenwood, Finkel, Landis, Sherwood, Hoover, Zerr, Walker, Scheffer 21, 70 
2 

f 
0 


Minimum cone circumscribing hemisphere. 
Anthony, Holmes, Corey, Wells, Sanders, Greenwood, Landis, Zerr, Sher- 
o 1+sin?¢ 
Epsteen. Zerr, Holmes, Hornung, Kellar, Posey, Sanders, Scheffer, Corey, 
Greenwood, Sherwood, Higley, Newcomb----------.------.---------------- 99, 140 
Integrals of 2(1—2z)w"+[1—(a+b+1)z]w’—abw=—0 in vicinity of 
1; indicating form wheu a+b=1, 1—a—b=integer. 


y’+Acos?y.y’+ By=0. 


“1+24 
Norris, Greenwood, Graber, Zerr, Scheffer, Corey, Walker -----.-. .. ..-.176, 210, 232 


Saver 


iy sin2nz dz 
(a?+2*)sinz 


au du ,, 

If u=f(2, y), then dy? Yay dy 


“ 
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180 
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185. Altitude of cone if maximum inscribed ellipse equals area of base. 

° fsin my dy 

186. Sy 1 eee my dy’ 

187. Area of an ellipse. 

188. fy(y? +2)/[(y* +3))/(y? +1)). 

MECHANICS. 

161. Four equal uniform smoothly jointed rods, ete. Greenstreet, Zerr.--------- 17 
162. Velocity of wave in liquid deeper than a, density 5, surface tension 7. Finkel, 

163. A particle on smootK horizontal plane, ete. Greenstreet, Gregg .--. ..-------- 38 
164. P balances W on system of n movable pulleys. Greenstreet, Zerr..---.------- 70 
165. Form of circular tower all parts subject to same stress. Anthony, Green- 

166. Gravitating particle placed at given point, ctc. Zerr, Corey, Greenwood, 

167. Quadrant of anchor ring in equilibrium on horizontal plane. Crawley, 

168. Momental resistance in bifilar suspension. Graber, Zerr--.--- .--------.-.-- 99, 140 
169. Sudden liberation of one end of suspended chain. Anthony---.--.----..----- 147 
170. Two iron angles moving freely on pivot, ete. Loomis, Zerr-_---.--. ..---- 177, 211, 284 
171. Electrical capacity of oblate ellipsoid. Zerr, Graber-..----..-.-------------- 197, 235 

DIOPHANTINE ANALYSIS. 

116. 2"°>2(n+1)("’+1)......... , n odd positive integer. 

118. Least integers whose sum is square and sum of squares a biquadrate. 

119. Solutions of 7?"=2z( mod p"). 

- 120. Positive integral solutions of 2° —pxrz—pxr—z+p*—3=—0. 

121. Solutions of x? +y? =1mod p. 

122. 1+p%zx does not factor (p*—1)(p? —1), ete. 

AVERAGE AND PROBABILITY. 

63. Plane cutting four edges of tetrahedron. Olarke, Zerr._.------------------- 18 
146. Two points of ellipse on opposite sides of random line. Walker, Zerr-__--_-_- 19 
147. Chance of drawing two black out of n balls. Greenstreet, Landis -_.-_------- 19 
148. n points at random uponacircle. Rorty, Zerr._--------.----------------.-- 40 
149. Three random points on cone. Walker, Zerr__.----.--.--.-------.----.----- 40 
150. Area of circular segments of given length. Matz, Zerr, Heaton_-_------.-___- 41, 120 
152. Volume of square hole through sphere. Walker, Zerr_.---.---.-.------------ 45, 141 
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153. Three random circles in a given circle. Sanders____-.._..-..----.------------ 74, 120 
E 154. Five random points in tetrahedron. Walker__._._......----..--..---------- 122, 237 
156. Area of triangle of given perimeter. Sanders, Corey, Zerr__---...------------ 197, 237 
157. Circle inside of given circle. Walker_-_--- ta 241 
GROUP THEORY. 
L 
1. Simple groups of orders 661—1092. 
2. Group of #4 +2ar?+b=0. 
3. Group of —ar+1=0. 
4. Group leaving invariant —z,7,—0. 
) 5. Subgroup of type (,, ...., n,) of abelian group of type (m,, ....., m,). 
6. Binary substitutions on 7, ; 223 (7, ete. 
MISCELLANEOUS. 
1 
) 73. Temperature in ice cream freezer. Myers, Safford 144 
7 142. Value of acute angle of triangle with commensurable sides. Wells, Anthony, 
5 148. In triangle 1—cos? A—cos? B—cos? C—2cosAcosBeosC=0 Greenwood, Steag- 
all, Brown, Yates, Cadman, Pierrot, Hoover, Sherwood, Corey, Roray, 
Graber, Holmes, Zerr, Posey, Hornung, Scheffer_-_.-__...--....--.---------- 21, 72 
148A. Existence of a certain function. Moore... 45 
8 144A. Spherical polygons formed by n great circles. DeLong-_----------------.-- 177 
145. Identical configuration in n-space. MacNeish____._..---.---------_-_-------- 177, 238 
9 146. Solution of trigonometric equations. Matz__._....-....-----.--------------- 214 
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